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Àííîòàöèÿ

Â ðàññìàòðûâàåìîé ðàáîòå íàéäåíû ñïåêòðàëüíûå äàííûå îïåðàòîðà

Äèðàêà ñ ïåðèîäè÷åñêèì ïîòåíöèàëîì, ñâÿçàííîãî ñ ðåøåíèåì óðàâ-

íåíèÿ Øðåäèíãåðà îòðèöàòåëüíîãî ïîðÿäêà ñ ñàìîñîãëàñîâàííûì èñ-

òî÷íèêîì èíòåãðàëüíîãî òèïà. Ìåòîäîì îáðàòíîé ñïåêòðàëüíîé çàäà÷è

èçó÷åíà ïîëíàÿ èíòåãðèðóåìîñòü íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà

îòðèöàòåëüíîãî ïîðÿäêà ñ ñàìîñîãëàñîâàííûì èñòî÷íèêîì èíòåãðàëü-

íîãî òèïà â êëàññå ïåðèîäè÷åñêèõ �óíêöèé. Äîêàçàíà ðàçðåøèìîñòü

çàäà÷è Êîøè äëÿ áåñêîíå÷íîé ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé

Äóáðîâèíà�Òðóáîâèöà â êëàññå òðèæäû íåïðåðûâíî äè��åðåíöèðóå-

ìûõ ïåðèîäè÷åñêèõ �óíêöèé. Ïîëó÷åíû âàæíûå ñëåäñòâèÿ îá àíàëè-

òè÷íîñòè è î ïåðèîäå ðåøåíèÿ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé.

Êëþ÷åâûå ñëîâà è �ðàçû

íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà îòðèöàòåëüíîãî ïîðÿäêà, èíòå-

ãðàëüíûé èñòî÷íèê, îïåðàòîð Äèðàêà, îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à,

ñèñòåìà óðàâíåíèé Äóáðîâèíà-Òðóáîâèöà, �îðìóëû ñëåäîâ.
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Abstra
t

In the present work, the spe
tral data of the Dira
 operator with a periodi


potential asso
iated with the solution of a negative-order S
hrodinger

equation with an integral-type self-
onsistent sour
e are obtained. Using

the inverse spe
tral method, the 
omplete integrability of the negative-

order nonlinear S
hrodinger equation with an integral-type self-
onsistent

sour
e is investigated in the 
lass of periodi
 fun
tions. The solvability of the

Cau
hy problem for the in�nite Dubrovin�Trubowitz system of di�erential

equations is proved in the 
lass of thri
e 
ontinuously di�erentiable periodi


fun
tions. Important results are obtained 
on
erning the analyti
ity and

spatial periodi
ity of the solution.
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� 1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà ÿâëÿåòñÿ îäíèì èç ïðèìåðîâ èí-

òåãðèðóåìûõ íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ è ïðåäñòàâ-

ëÿåò ñîáîé áîëüøîé èíòåðåñ â ïðèêëàäíûõ çàäà÷àõ. Âîçìîæíîñòü ïîëíîé

èíòåãðèðóåìîñòè ýòîãî óðàâíåíèÿ ìåòîäîì îáðàòíîé çàäà÷è ðàññåÿíèÿ â

êëàññå áûñòðî óáûâàþùèõ �óíêöèé âïåðâûå áûëà ïðîäåìîíñòðèðîâàíà

Â.Å. Çàõàðîâûì, À.Á. Øàáàòîì è Ñ.Â. Ìàíàêîâûì â ðàáîòàõ [1�3℄. Îò-

äåëüíîå âíèìàíèå óäåëåíî èçó÷åíèþ íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà
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â ïðîñòðàíñòâàõ ïåðèîäè÷åñêèõ è êîíå÷íîçîííûõ �óíêöèé, ÷åìó ïîñâÿùå-

íû èññëåäîâàíèÿ [4�7℄. Â ðàáîòàõ [8�9℄ âïåðâûå èññëåäîâàíà çàäà÷à Êîøè

äëÿ íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà è ìîäè�èöèðîâàííîãî óðàâíåíèÿ

Êîðòåâåãà�äå Ôðèçà ñ ñàìîñîãëàñîâàííûì èñòî÷íèêîì â ïðîñòðàíñòâå ïå-

ðèîäè÷åñêèõ �óíêöèé. Êðîìå òîãî, â èññëåäîâàíèÿõ [10�15℄ ïîäðîáíî èçó-

÷åíû óðàâíåíèå Êîðòåâåãà�äå Ôðèçà îòðèöàòåëüíîãî ïîðÿäêà è åãî ìî-

äè�èöèðîâàííûé âàðèàíò ñ ñàìîñîãëàñîâàííûì èñòî÷íèêîì è ñâîáîäíûì

÷ëåíîì, êàê â ïðîñòðàíñòâàõ ïåðèîäè÷åñêèõ, òàê è áûñòðî óáûâàþùèõ

�óíêöèé.

Íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà

iut(x, t) + uxx(x, t) + 2u∗(x, t)u2(x, t) = 0

ìîæíî ïîëó÷èòü ñ ïîìîùüþ èíòåãðî-äè��åðåíöèàëüíîãî îïåðàòîðà

R = i

(

−∂x − 2v(∂−1
x u) −2v(∂−1

x v)
2u(∂−1

x u) ∂x + 2u(∂−1
x v)

)

â ñîîòíîøåíèè

(

vt(x, t)
ut(x, t)

)

= R

(

vx(x, t)
ux(x, t)

)

(1)

äëÿ v(x, t) = u∗(x, t), ãäå ∂x = ∂
∂x

è ∂−1
x f =

∫ x

−∞
f(y)dy.

Èñïîëüçóÿ îïåðàòîð ðåêóðñèè â îòðèöàòåëüíîì íàïðàâëåíèè â (1) è

ââåäÿ íîâóþ �óíêöèþ µx(x, t) = (u(x, t)u∗(x, t))t â ñîîòâåòñòâèè ñ ìåòîäîì
Âåðîñêè [16℄ äëÿ èñêëþ÷åíèÿ ∂−1(u(x, t)u∗(x, t))t, ïîëó÷àåì óðàâíåíèå

uxt(x, t) + 2u(x, t)µ(x, t) + iux(x, t) = 0.

Ïóòåì ââåäåíèÿ ñîîòâåòñòâóþùåé çàìåíû u(x, t) = −p(x, t) + iq(x, t)
ïåðåìåííûõ, íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà îòðèöàòåëüíîãî ïîðÿäêà

ìîæíî ïðèâåñòè ê áîëåå ïðîñòîé �îðìå







pxt = 2µp− qx,
qxt = 2µq + px
µx = 2qqt + 2ppt

t > 0, x ∈ R.

Â ðàáîòå [17℄ èññëåäóåòñÿ ïîâåäåíèå äàííûõ ðàññåÿíèÿ, âîçíèêàþùèõ

â ñïåêòðàëüíîé çàäà÷å, ñâÿçàííîé ñ óðàâíåíèåì Øðåäèíãåðà îòðèöàòåëü-

íîãî ïîðÿäêà, â ïðîñòðàíñòâå áûñòðî óáûâàþùèõ �óíêöèé.

Â ðàáîòàõ [18�19℄ èññëåäîâàíû óðàâíåíèÿ Øðåäèíãåðà îòðèöàòåëüíîãî

ïîðÿäêà â êëàññå ïåðèîäè÷åñêèõ �óíêöèé äëÿ ñëó÷àåâ êàê áåç èñòî÷íèêà,

òàê è ñ èñòî÷íèêîì.
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Â íàñòîÿùåé ðàáîòå ìåòîä îáðàòíîãî ñïåêòðàëüíîãî àíàëèçà èñïîëüçó-

åòñÿ äëÿ èíòåãðèðîâàíèÿ óðàâíåíèÿØðåäèíãåðà îòðèöàòåëüíîãî ïîðÿäêà,

ñîäåðæàùåãî èíòåãðàëüíûé èñòî÷íèê, â êëàññå ïåðèîäè÷åñêèõ ðåøåíèé.

�àññìîòðèì ñëåäóþùåå íåëèíåéíîå óðàâíåíèåØðåäèíãåðà îòðèöàòåëü-

íîãî ïîðÿäêà ñ ñàìîñîãëàñîâàííûì èñòî÷íèêîì èíòåãðàëüíîãî òèïà







pxt = 2µp− qx +
∫

∞

−∞
γ(λ, t)s1(π, λ, t)(ψ

+
1 ψ

−

1 − ψ+
2 ψ

−

2 )dλ,

qxt = 2µq + px +
∫

∞

−∞
γ(λ, t)s1(π, λ, t)(ψ

+
1 ψ

−

2 + ψ+
2 ψ

−

1 )dλ

µx = 2qqt + 2ppt

t > 0, x ∈ R,

(2)

ñ óñëîâèÿìè

q(x, t)|t=0 = q0(x), p(x, t)|t=0 = p0(x), µ(x, t)|x=0 = µ0(t),

[qt(x, t) + µ(x, t)− p(x, t)]|x=0 = β(t), (3)

ãäå p0(x), q0(x) ∈ C3(R), β(t) ∈ C[0, ∞) è µ0(t) çàäàííûå äåéñòâèòåëüíûå
�óíêöèè, p0(x) è q0(x) èìåþò ïåðèîä π, à �óíêöèÿ β(t) îãðàíè÷åíà. Òðå-
áóåòñÿ íàéòè äåéñòâèòåëüíûå ïåðèîäè÷åñêèå ïî ïåðåìåííîé x �óíêöèè

p(x, t), q(x, t) è µ(x, t), ïðè÷åì

p(x+ π, t) ≡ p(x, t), q(x+ π, t) ≡ q(x, t), µ(x+ π, t) ≡ µ(x, t), t ≥ 0, x ∈ R,

è óäîâëåòâîðÿþùèå óñëîâèÿì ãëàäêîñòè:

p(x, t) ∈ C1
x(t > 0) ∩ C1

t (t > 0) ∩ C(t ≥ 0),
q(x, t) ∈ C1

x(t > 0) ∩ C1
t (t > 0) ∩ C(t ≥ 0),

µ(x, t) ∈ C1
x(t > 0) ∩ C1

t (t > 0) ∩ C(t ≥ 0).
(4)

Çäåñü γ(λ, t) ∈ C ([0, ∞)× [0, ∞)) çàäàííàÿ äåéñòâèòåëüíàÿ, íåïðåðûâíàÿ
�óíêöèÿ, èìåþùàÿ ðàâíîìåðíóþ àñèìïòîòèêó γ(λ, t) = O (1/λ3) , λ →

∞, ψ± = (ψ±

1 (x, λ, t), ψ
±

2 (x, λ, t))
T
ðåøåíèÿ Ôëîêå (íîðìèðîâàííûå óñëî-

âèÿìè ψ±

1 (0, λ, t) = 1) ñëåäóþùåãî óðàâíåíèÿ Äèðàêà

L(t)y ≡ B
dy

dx
+ Ω(x, t)y = λy, , x ∈ R, (5)

ãäå

B =

(

0 1
−1 0

)

, Ω(x, t) =

(

p(x, t) q(x, t)
q(x, t) −p(x, t)

)

, y =

(

y1(x, t)
y2(x, t)

)

×åðåç s(x, λ, t) = (s1(x, λ, t), s2(x, λ, t))
T
îáîçíà÷åíî ðåøåíèå óðàâíåíèÿ

(5), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì s(0, λ, t) = (0, 1)T .
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�2. Îïåðàòîð äèðàêà ñ ïåðèîäè÷åñêèì êîý��èöèåíòîì

Ïðèâåäåì íåêîòîðûå îñíîâíûå ñâåäåíèÿ, êàñàþùèåñÿ îáðàòíîé ñïåê-

òðàëüíîé çàäà÷è äëÿ îïåðàòîðà Äèðàêà ñ ïåðèîäè÷åñêèì êîý��èöèåíòîì

(ñì. [20-28℄).

�àññìîòðèì äè��åðåíöèàëüíóþ ñèñòåìó óðàâíåíèé òèïà Äèðàêà, çà-

äàííóþ íà âñåé âåùåñòâåííîé îñè

Ly ≡

(

0 1
−1 0

)(

y′1
y′2

)

+

(

p(x) q(x)
q(x) −p(x)

)(

y1
y2

)

= λ

(

y1
y2

)

, x ∈ R (6)

ãäå p(x) è q(x) äåéñòâèòåëüíûå íåïðåðûâíûå �óíêöèè èç êëàññà C1(R),
èìåþùèå ïåðèîä π, à λ êîìïëåêñíûé ïàðàìåòð.

Îáîçíà÷èì ÷åðåç c(x, λ) = (c1(x, λ), c2(x, λ))
T
è s(x, λ) = (s1(x, λ), s2(x, λ))

T

äâà ðåøåíèÿ óðàâíåíèÿ (6) óäîâëåòâîðÿþùèå ñîîòâåòñòâóþùèì íà÷àëü-

íûì óñëîâèÿì ïðè c(0, λ) = (1, 0)T è s(0, λ) = (0, 1)T . Ôóíêöèÿ ∆(λ) =
c1(π, λ) + s2(π, λ) íàçûâàåòñÿ �óíêöèåé Ëÿïóíîâà, òàêæå èçâåñòíîé êàê

äèñêðèìèíàíò Õèëëà, äëÿ îïåðàòîðà Äèðàêà, ñâÿçàííîãî ñ óðàâíåíèåì (6).

Óðàâíåíèå (6) èìååò äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ, êîòîðûå èìå-

þò ñëåäóþùèé âèä:

ψ±(x, λ) = c(x, λ) +
s2(π, λ)− c1(π, λ)∓

√

∆2(λ)− 4

2s1(π, λ)
s(x, λ),

êîòîðûå íàçûâàþòñÿ ðåøåíèÿìè Ôëîêå.

Ñîáñòâåííûå çíà÷åíèÿ, ñîîòâåòñòâóþùèå ëèáî ïåðèîäè÷åñêîé y1(0) =
y1(π),
y2(0) = y2(π), ëèáî àíòèïåðèîäè÷åñêîé (y1(0) = −y1(π), y2(0) = −y2(π))
ñïåêòðàëüíîé çàäà÷å äëÿ óðàâíåíèÿ Äèðàêà (6), áóäåì îáîçíà÷àòü ÷åðåç

λn n ∈ Z, óïîðÿäî÷èâ èõ ïî âîçðàñòàíèþ.
Ñïåêòð îïåðàòîðà (6) ñîñòîèò èç ñëåäóþùåãî ìíîæåñòâà

E = {λ ∈ R : −2 ≤ ∆(λ) ≤ 2 } = R\

{

∞
⋃

n=−∞

(λ2n−1, λ2n)

}

.

Îòðåçêè ìåæäó ñîñåäíèìè ñïåêòðàëüíûìè çíà÷åíèÿìè, îáîçíà÷àåìûå

êàê

(λ2n−1, λ2n), n ∈ Z, ïðèíÿòî íàçûâàòü ëàêóíàìè (çàïðåùåííûìè çîíàìè)

ñïåêòðà. Îáîçíà÷èì ÷åðåç ξn, n ∈ Z êîðíè óðàâíåíèÿ s1(π, λ) = 0. Ýòè
çíà÷åíèÿ ñîâïàäàþò ñ ñîáñòâåííûìè ÷èñëàìè çàäà÷è Äèðèõëå y1(0) = 0,
y1(π) = 0, ïîñòàâëåííîé äëÿ ñèñòåìû (6). Ïðè ýòîì ñïðàâåäëèâû ñîîòíî-

øåíèÿ âèäà ξn ∈ [λ2n−1, λ2n], n ∈ Z, îòðàæàþùèå ÷åðåäîâàíèå êîðíåé è èõ
ñâÿçü ñ êðàåâûìè óñëîâèÿìè.
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Âåëè÷èíû ξn ∈ [λ2n−1, λ2n], n ∈ Z è ñîîòâåòñòâóþùèå èì çíàêè

σn = sign {s2(π, ξn)− c1(π, ξn)}, n ∈ Z ïðèíÿòî íàçûâàòü ñïåêòðàëüíûìè

ïàðàìåòðàìè çàäà÷è (6). Ñîâîêóïíîñòü ýòèõ ïàðàìåòðîâ íàðÿäó ñ ãðàíè-

öàìè ñïåêòðà λn, n ∈ Z îáðàçóåò ñïåêòðàëüíûå äàííûå, àññîöèèðîâàííûå

ñ çàäà÷åé (6). Ïðîöåññ îïðåäåëåíèÿ ñïåêòðàëüíûõ äàííûõ ïî èçâåñòíûì

êîý��èöèåíòàì óðàâíåíèÿ ïðåäñòàâëÿåò ñîáîé ïðÿìóþ ñïåêòðàëüíóþ çà-

äà÷ó, òîãäà êàê âîññòàíîâëåíèå êîý��èöèåíòîâ p(x) è q(x) íà îñíîâàíèè
èçâåñòíûõ ñïåêòðàëüíûõ äàííûõ ñîñòàâëÿåò ñîäåðæàíèå îáðàòíîé çàäà÷è

ñïåêòðàëüíîãî àíàëèçà.

Åñëè â çàäà÷å (6) âìåñòî �óíêöèé p(x) è q(x) ðàññìîòðåòü p(x + τ) è
q(x + τ), òî ñïåêòð íîâîé çàäà÷è îêàçûâàåòñÿ íåçàâèñèìûì îò ïàðàìåòðà

τ : λn(τ) ≡ λn, n ∈ Z. Â òî æå âðåìÿ ñïåêòðàëüíûå ïàðàìåòðû, íàïðîòèâ,

çàâèñÿò îò ïàðàìåòðà τ :ξn(τ), σn(τ), n ∈ Z. Ýòè ïàðàìåòðû óäîâëåòâîðÿþò

ñèñòåìå óðàâíåíèé, àíàëîãè÷íîé ñèñòåìå Äóáðîâèíà�Òðóáîâèöà:

dξn
dτ

= (−1)n−1σn(τ)hn(ξ(τ))

{

2ξn(τ) +

∞
∑

k=−∞

(λ2k−1 + λ2k − 2ξk(τ))

}

, n ∈ Z,

ãäå

hn(ξ) =
√

(ξn(τ)− λ2n−1)(λ2n − ξn(τ))·

·

√

√

√

√

√

√

√

∞
∏

k = −∞
k 6= n

(λ2k−1 − ξn(τ))(λ2k − ξn(τ))

(ξk(τ)− ξn(τ))2
.

Çíàê σn(τ) - ìåíÿåòñÿ íà ïðîòèâîïîëîæíûé ïðè êàæäîì ñòîëêíîâåíèè

ξn(τ) ñ ãðàíèöàìè ñâîåé ëàêóíû [λ2n−1, λ2n].

Ñèñòåìà óðàâíåíèé Äóáðîâèíà, à òàêæå ñëåäóþùèå �îðìóëû ñëåäîâ

p(τ) =

∞
∑

k=−∞

(

λ2k−1 + λ2k
2

− ξk(τ)

)

, q(τ) =

∞
∑

n=−∞

(−1)n−1σn(τ)hn(ξ(τ))

äàþò ìåòîä ðåøåíèÿ îáðàòíîé çàäà÷è.

Äîêàæåì, ÷òî èíòåãðàë, âõîäÿùèé â óðàâíåíèå (2), ñõîäèòñÿ ðàâíîìåð-

íî.

Äëÿ ýòîãî äîêàçàòåëüñòâà âîñïîëüçóåìñÿ ñëåäóþùèìè òîæäåñòâàìè

s1(π, λ, t)[ψ
+
1 (τ, λ, t)ψ

−

2 (τ, λ, t) + ψ−

1 (τ, λ, t)ψ
+
2 (τ, λ, t)]

= s2(π, λ, t, τ)− c1(π, λ, t, τ),
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s1(π, λ, t)[ψ
+
1 (τ, λ, t)ψ

−

1 (τ, λ, t)− ψ−

2 (τ, λ, t)ψ
+
2 (τ, λ, t)]

= s1(π, λ, t, τ) + c2(π, λ, t, τ),
(7)

ãäå �óíêöèè c(x, λ, t, τ) è s(x, λ, t, τ) ïðåäñòàâëÿþò ñîáîé ðåøåíèÿ óðàâíå-
íèÿ Äèðàêà ñ êîý��èöèåíòàìè p(x + τ, t) è q(x + τ, t), óäîâëåòâîðÿþùèå
íà÷àëüíûì óñëîâèÿì c1(0, λ, t, τ) = 1, c2(0, λ, t, τ) = 0 è s1(0, λ, t, τ) = 0,
s2(0, λ, t, τ) = 1.

Èç àñèìïòîòè÷åñêèõ �îðìóë

c(x, λ, t, τ) =

(

cos λx
sinλx

)

+O

(

1

λ

)

, λ→ ±∞,

s(x, λ, t, τ) =

(

− sin λx
cosλx

)

+O

(

1

λ

)

, λ→ ±∞

ñëåäóþò îöåíêè

s2(π, λ, t, τ)− c1(π, λ, t, τ) = O

(

1

λ

)

,

s1(π, λ, t, τ) + c2(π, λ, t, τ) = O

(

1

λ

)

, ïðè λ→ ±∞.

Óêàçàííûå îöåíêè âìåñòå ñ ðàâåíñòâîì (7) ïîçâîëÿþò óñòàíîâèòü ðàâ-

íîìåðíóþ ñõîäèìîñòü èíòåãðàëà, âõîäÿùåãî â óðàâíåíèå (2).

Çàìåòèì, ÷òî äëÿ ðåøåíèÿ (y1, y2)
T
óðàâíåíèÿ (6) âûïîëíåíû ñëåäóþ-

ùèå òîæäåñòâà:

2y2y1 =
1

2λ
[y22 − y21]

′ +
1

λ
q(y21 + y22), (8)

y2
1
− y22 =

1

λ
[y1y2]

′ +
1

λ
p(y21 + y22), (9)

1

2
[y22 + y21]

′ = q(y21 − y22)− 2py1y2. (10)

� 3. Ýâîëþöèÿ ñïåêòðàëüíûõ ïàðàìåòðîâ

�ëàâíûé ðåçóëüòàò, ïîëó÷åííûé â ðàìêàõ äàííîé ðàáîòû, �îðìóëèðó-

åòñÿ â âèäå ñëåäóþùåé òåîðåìû.
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Tåîðåìà 1. Ïóñòü íàáîð (q(x, t), µ(x, t), ψ+(x, λ, t), ψ−(x, λ, t), s1(π, λ, t)),
ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (2)-(4). Òîãäà ñïåêòð îïåðàòîðà (5) èíâàðèàí-

òåí ïî ïàðàìåòðó t, à ñïåêòðàëüíûå ïàðàìåòðû ξn = ξn(t), n ∈ Z\{0}
ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåìû óðàâíåíèé òèïà Äóáðîâèíà-Òðóáîâèöà:

ξ̇n =
1

ξn
(−1)nσn(t)hn(ξ)×

×

{

qt(0, t) + µ(0, t)− p(0, t)− ξn −

∫

∞

−∞

γ(λ, t)s1(π, λ, t)

ξn − λ
dλ

}

, n ∈ Z\{0}

(11)

ãäå çíàê σn(t) = ±1 ìåíÿåòñÿ íà ïðîòèâîïîëîæíûé ïðè êàæäîì ñòîëê-

íîâåíèè òî÷êè ξn(t) ñ ãðàíèöàìè ñâîåé ëàêóíû [λ2n−1, λ2n], è âûïîëíåíû

ñëåäóþùèå íà÷àëüíûå óñëîâèÿ:

ξn(t)|t=0 = ξ0n, σn(t)|t=0 = σ0
n , n ∈ Z\{0}, (12)

ñ ξ0n, σ
0
n, n ∈ Z\{0} êîòîðûå ÿâëÿþòñÿ ñïåêòðàëüíûìè çíà÷åíèÿìè îïå-

ðàòîðà Äèðàêà, ïîñòðîåííîãî íà îñíîâå êîý��èöèåíòîâ p0(x), q0(x).

Äîêàçàòåëüñòâî. Ïóñòü yn(x, t) = (yn,1(x, t), yn,2(x, t))
T
, n ∈ Z îðòî-

íîðìèðîâàííûå ñîáñòâåííûå âåêòîð-�óíêöèè, îòâå÷àþùèå çàäà÷å Äèðèõ-

ëå, óäîâëåòâîðÿþùåé óðàâíåíèþ (5), è ñîîòâåòñòâóþùèå ñïåêòðó çíà÷åíèé

ξn(t) , n ∈ Z.
Äè��åðåíöèðóÿ ïî t òîæäåñòâî ξn(t) = (L(t)yn, yn), è èñïîëüçóÿ ñèì-

ìåòðè÷íîñòü îïåðàòîðà L(t), èìååì

ξ̇n = (Ω̇(x, t)yn, yn). (13)

Èñïîëüçóÿ ÿâíûé âèä ñêàëÿðíîãî ïðîèçâåäåíèÿ

(y, z) =

∫ π

0

[y1(x)z̄1(x) + y2(x)z̄2(x)] dx, y =

(

y1(x)
y2(x)

)

, z =

(

z1(x)
z2(x)

)

,

ðàâåíñòâî (13) ïðèìåò âèä:

ξ̇n =

∫ π

0

[(y2n,1 − y2n,2)pt + 2yn,1yn,2 qt]dx. (14)

Èñïîëüçóÿ �îðìóëû (8) è (9), ïîëó÷àåì

ξ̇n =
1

ξn

∫ π

0

(yn,1yn,2)
′ptdx+

1

ξn

∫ π

0

(y2n,2 + y2n,1)pptdx+

+
1

2ξn

∫ π

0

(y2n,2 − y2n,1)
′qtdx+

1

ξn

∫ π

0

(y2n,2 + y2n,1)qqtdx, n ∈ Z\{0}. (15)
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�àâåíñòâî (15) ìîæíî ïåðåïèñàòü â âèäå

ξ̇n =
1

2ξn
[y2n,2(π, t)− y2n,2(0, t)]qt(0, t)−

1

ξn

∫ π

0

(yn,1yn,2)pxtdx−

−
1

2ξn

∫ π

0

(y2n,2 − y2n,1)qxtdx+
1

ξn

∫ π

0

(y2n,2 + y2n,1)(ppt + qqt)dx.

Èç ñèñòåìû óðàâíåíèÿ (2) èìååì

ppt + qqt =
µx

2
, pxt = 2µp− qx +

∫

∞

−∞

γ(λ, t)s1(π, λ, t)(ψ
+
1 ψ

−

1 − ψ+
2 ψ

−

2 )dλ,

qxt = 2qµ+ px +

∫

∞

−∞

γ(λ, t)s1(π, λ, t)(ψ
+
1 ψ

−

2 + ψ+
2 ψ

−

1 )dλ. (16)

Ñëåäîâàòåëüíî,

ξ̇n =
1

2ξn

[

y2n,2(π, t)− y2n,2(0, t)
]

qt(0, t)−
2

ξn

∫ π

0

yn,1yn,2pµ dx−

−
1

ξn

∫ π

0

(y2n,2 − y2n,1)qµ dx+
1

ξn

∫ π

0

(yn,1yn,2)qxdx−
1

2ξn

∫ π

0

(y2n,2 − y2n,1)px dx−

−
1

2ξn

∫

∞

−∞

γ(λ, t)s1(π, λ, t)×

(
∫ π

0

−(y2n,1 − y2n,2)(ψ
+
1 ψ

−

2 + ψ+
2 ψ

−

1 )+

+2yn,1yn,2(ψ
+
1 ψ

−

1 − ψ+
2 ψ

−

2 ) dx

)

dλ+
1

2ξn

∫ π

0

(y2n,2 + y2n,1)µx dx. (17)

Òåïåðü èññëåäóåì òðåòèé è ÷åòâåðòûé èíòåãðàëû â óðàâíåíèè (17):

I3,4 =
1

ξn

∫ π

0

(yn,1yn,2)qxdx−
1

2ξn

∫ π

0

(y2n,2 − y2n,1)pxdx =

= −
1

2ξn
[y2n,2(π, t)− y2n,2(0, t)]p(0, t)+

+
1

ξn

∫ π

0

(

(yn,2p− yn,1q)y
′

n,2 − (yn,1p+ yn,2q)y
′

n,1

)

dx. (18)

Íà îñíîâàíèè óðàâíåíèÿ (5) ìîæíî âûâåñòè ñëåäóþùèå ñîîòíîøåíèÿ:

{

y′n,1 + ξnyn,2 = q yn,1 − p yn,2
ξnyn,1 − y′n,2 = p yn,1 + q yn,2 .
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Èñïîëüçóÿ óêàçàííûå âûøå ñîîòíîøåíèÿ, ïðèõîäèì ê âûðàæåíèþ:

I3,4 =
1

ξn

∫ π

0

(yn,1yn,2)qxdx−
1

2ξn

∫ π

0

(y2n,2 − y2n,1)pxdx =

=
1

2ξn
[y2n,2(π, t)− y2n,2(0, t)](−p(0, t)− ξn)

(19)

Òåïåðü çàéìåìñÿ âû÷èñëåíèåì ñëåäóþùåãî ïÿòîãî èíòåãðàëà èç �îðìóëû

(17):

I5 =

∫

∞

−∞

γ(λ, t)s1(π, λ, t)×

×

(
∫ π

0

−(y2n,1− y2n,2)(ψ
+
1 ψ

−

2 +ψ+
2 ψ

−

1 )+2yn,1yn,2(ψ
+
1 ψ

−

1 −ψ+
2 ψ

−

2 ) dx

)

dλ. (20)

Íå ïðåäñòàâëÿåò òðóäíîñòè óáåäèòüñÿ, ÷òî ïîñëåäíèé èíòåãðàë ìîæíî

ïðåäñòàâèòü â âèäå:

J =

∫ π

0

[−(y2n,1 − y2n,2)(ψ
+
1 ψ

−

2 + ψ+
2 ψ

−

1 ) + 2yn,1yn,2(ψ
+
1 ψ

−

1 − ψ+
2 ψ

−

2 )]dx =

= −

∫ π

0

[(y1,n · ψ
+
1 + y2,n · ψ

+
2 ) · (y1,n · ψ

−

2 − y2,n · ψ
−

1 )+

+(y1,n · ψ
−

1 + y2,n · ψ
−

2 ) · (y1,n · ψ
+
2 − y2,n · ψ

+
1 )]dx.

Èñïîëüçóÿ ðàâåíñòâî:

(y1,n · ψ
±

2 − y2,n · ψ
±

1 )
′ = (λ− ξn)(y1,n · ψ

±

1 + y2,n · ψ
±

2 ),

ìîæíî ïîëó÷èòü ñëåäóþùåå ïðåäñòàâëåíèå

J =
1

ξn − λ
· [y2n,2(π, t)− y2n,2(0, t)]. (21)

Ïîäñòàâëÿÿ ðåçóëüòàò (21) â �îðìóëó (20), ïîëó÷èì

I5 =

{
∫

∞

−∞

γ(λ, t)s1(π, λ, t)

ξn − λ
dλ

}

· [y2n,2(π, t)− y2n,2(0, t)]. (22)

Ïðåîáðàçóåì ïîñëåäíèé èíòåãðàë ïóòåì èíòåãðèðîâàíèÿ ïî ÷àñòÿì:

I6 =
1

2ξn

∫ π

0

(y2n,2 + y2n,1)µxdx =

=
1

2ξn
[y2n,2(π, t)− y2n,2(0, t)]µ(0, t)−

1

2ξn

∫ π

0

(y22,n + y21,n)
′µdx. (23)

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 3, C. 146-165

Mat. Trudy, 2025, V. 28, N. 3, P. 146-165



156 Î ïåðèîäè÷åñêèõ ðåøåíèÿõ óðàâíåíèÿ Øðåäèíãåðà

Ñ ó÷åòîì âûðàæåíèÿ (10), �îðìóëà (23) ïðèíèìàåò ñëåäóþùèé âèä:

I6 =

=
1

2ξn
[y2n,2(π, t)−y

2
n,2(0, t)]µ(0, t)+

1

ξn

∫ π

0

(y22,n−y
2
1,n)qµdx+

2

ξn

∫ π

0

y1,ny2,npµdx.

(24)

Îñíîâûâàÿñü íà ñîîòíîøåíèÿõ (17), (19), (22) è (24), äåëàåì çàêëþ÷åíèå:

ξ̇n(t) =
1

2ξn
[y2n,2(π, t)− y2n,2(0, t)]

×

{

qt(0, t) + µ(0, t)− p(0, t)− ξn −

∫

∞

−∞

γ(λ, t)s1(π, λ, t)

ξn − λ
dλ

}

,

n ∈ Z\{0}.

(25)

�åøåíèå óðàâíåíèÿ (5), óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ

s(0, λ, t) = (0, 1)T , îáîçíà÷èì êàê âåêòîðíóþ �óíêöèþ s(x, λ, t) = (s1(x, λ, t),
s2(x, λ, t))

T
. Îòñþäà ñëåäóåò, ÷òî íîðìà ñîáñòâåííîé âåêòîðíîé �óíêöèè

çàäà÷è Äèðèõëå s(x, ξn(t), t), ñîîòâåòñòâóþùåé ñîáñòâåííîìó çíà÷åíèþ ξn(t),
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

c2n(t) =

∫ π

0

[s21(x, ξn(t), t) + s22(x, ξn(t), t)]dx = −
∂s1(π, ξn(t), t)

∂λ
s2(π, ξn(t), t).

(26)

Îáúåäèíÿÿ âûðàæåíèå yn(x, t) =
1

cn(t)
s(x, ξn(t), t) è �îðìóëó (23), ìîæ-

íî âûâåñòè ñëåäóþùåå ðàâåíñòâî:

y2n,2(π, t)− y2n,2(0, t) =
s22(π, ξn(t), t)− 1

c2n(t)
= −

s2(π, ξn(t), t)−
1

s2(π,ξn(t),t)

∂s1(π,ξn(t),t)
∂λ

. (27)

Ïîäñòàâèâ x = π è λ = ξn(t) â ðàâåíñòâî

c1(x, λ, t)s2(x, λ, t)− c2(x, λ, t)s1(x, λ, t) = 1,

ïîëó÷èì:

c1(π, ξn(t), t) =
1

s2(π, ξn(t), t)
. (28)

Ïðèíèìàÿ âî âíèìàíèå ñîîòíîøåíèå (28), à òàêæå èñïîëüçóÿ ðàâåíñòâî

[c1(π, λ, t)− s2(π, λ, t)]
2 = (∆2(λ)− 4)− 4c2(π, λ, t)s1(π, λ, t),
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ïðèõîäèì ê òîæäåñòâó:

s2(π, ξn(t), t)−
1

s2(π, ξn(t), t)
= σn(t)

√

∆2(ξn(t))− 4, (29)

ãäå

∆(λ) = c1(π, λ, t) + s2(π, λ, t), σn(t) = sign {s2(π, ξn(t), t)− c1(π, ξn(t), t)} .

Èç (27) è (29) âûâîäèì

y2n,2(π, t)− y2n,2(0, t) = −
σn(t)

√

∆2(ξn(t))− 4
∂s1(π,ξn(t),t)

∂λ

. (30)

Ñ ó÷åòîì ðàçëîæåíèÿ

∆2(λ)− 4 = −4π2

∞
∏

k=−∞

(λ− λ2k−1)(λ− λ2k)

a2k
, s1(π, λ, t) = π

∞
∏

k=−∞

ξk − λ

ak
,

ãäå a0 = 1 è ak = k ïðè k 6= 0, ðàâåíñòâî (30) ìîæåì ïåðåïèñàòü â ñëåäó-

þùåì â âèäå:

y2n,2(π, t)− y2n,2(0, t) = 2(−1)nσn(t)hn(ξ). (31)

Ïðè ýòîì ìû âîñïîëüçîâàëèñü òàêæå ðàâåíñòâîì

sign



























−
π

an

∞
∏

k = −∞
k 6= n

ξk − ξn
ak



























= (−1)n−1.

Ïîäñòàâëÿÿ âûðàæåíèå (31) â òîæäåñòâî (25) âûâîäèì (11).

Åñëè âìåñòî ãðàíè÷íûõ óñëîâèé Äèðèõëå äëÿ �óíêöèè ïðèìåíèòü óñëî-

âèÿ ïåðèîäè÷íîñòè y(π) = y(0) èëè àíòèïåðèîäè÷íîñòè y(π) = −y(0), òî
óðàâíåíèå (25) ïðåîáðàçóåòñÿ â λ̇n = 0. Ýòî îçíà÷àåò, ÷òî ñîáñòâåííûå çíà-
÷åíèÿ λn, n ∈ Z äëÿ ïåðèîäè÷åñêîé è àíòèïåðèîäè÷åñêîé çàäà÷ íå çàâèñÿò

îò ïåðåìåííîé t.

Ñëåäñòâèå 1. Ïðåäïîëîæèì, ÷òî âìåñòî �óíêöèé p(x, t) è q(x, t) ðàñ-
ñìàòðèâàþòñÿ �óíêöèè âèäà p(x + τ, t) è q(x + τ, t). Òîãäà ñîáñòâåííûå

çíà÷åíèÿ, ñîîòâåòñòâóþùèå ïåðèîäè÷åñêèì (àíòèïåðèîäè÷åñêèì) êðàåâûì

óñëîâèÿì, íå çàâèñèÿò îò ïàðàìåòðîâ τ è t. Îäíàêî äëÿ çàäà÷è Äèðèõëå
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ñîáñòâåííûå çíà÷åíèÿ ξn, à òàêæå çíàêè σn ìîãóò èçìåíÿòüñÿ â çàâèñèìî-
ñòè îò ýòèõ ïàðàìåòðîâ: ξn = ξn(τ, t), σn = σn(τ, t) = ±1, n ∈ Z. Ïðè ýòîì
ñèñòåìà (10), ïðåîáðàçóåòñÿ ê ñëåäóþùåìó âèäó:

∂ξn
∂t

=
1

ξn
(−1)nσn(τ, t)hn(ξ)×

×

{

qt(τ, t) + µ(τ, t)− p(τ, t)− ξn(τ, t)−

∫

∞

−∞

γ(λ, t)s1(π, λ, t, τ)

ξn − λ
dλ

}

,

(32)

n ∈ Z\{0},

ξn(τ, t)|t=0 = ξ0n(τ), σn(τ, t)|t=0 = σ0
n(τ) , n ∈ Z\{0} (33)

ãäå

s1(π, λ, t, τ) = π

∞
∏

k=−∞

ξk − λ

ak
.

Èñïîëüçóÿ �îðìóëû ñëåäîâ

q(τ, t) =

∞
∑

n=−∞

(−1)n−1σn(τ, t)hn(ξ) (34)

p(τ, t) =
∞
∑

n=−∞

(

λ2n−1 − λ2n
2

− ξn(τ, t)

)

(35)

è ðàâåíñòâî µx = 2ppt + 2qqt, ïîëó÷èì

qt(τ, t) =

∞
∑

n=−∞

(−1)n−1σn(τ, t)
∂hn(ξ)

∂t
,

pt = −
∞
∑

n=−∞

∂ξn(τ, t)

∂t
, (36)

µ(τ, t) = µ0(t) + 2

∫ τ

0

(p(s, t)pt(s, t) + q(s, t)qt(s, t))ds. (37)

Çàìå÷àíèå. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè

(32), (33) äëÿ ñèñòåìû Äóáðîâèíà-Òðóáîâèöà â ñëó÷àå, êîãäà p0(x), q0(x) ∈
C3(R), òàêæå èçó÷åíû â ðàáîòå [29℄.

Ñëåäñòâèå 2. Óêàçàííàÿ òåîðåìà ïðåäîñòàâëÿåò ñïîñîá íàõîæäåíèÿ

ðåøåíèÿ çàäà÷è (2)-(4). Ïóñòü λn, ξn(τ, t), σn(τ, t), n ∈ Z ñïåêòðàëüíûå

õàðàêòåðèñòèêè çàäà÷è (5), ñîîòâåòñòâóþùèå êîý��èöèåíòàì p(x + τ, t)

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 3, C. 146-165

Mat. Trudy, 2025, V. 28, N. 3, P. 146-165



Óðàçáîåâ �.Ó., Õàñàíîâ Ì.Ì. 159

è q(x + τ, t). Îïðåäåëèì ñïåêòðàëüíûå äàííûå λn, ξ
0
n(τ), σ0

n(τ) , n ∈ Z,
êîòîðûå ñîîòâåòñòâóþò íà÷àëüíûì äàííûì p0(x + τ) è q0(x + τ). Ïîñëå
ýòîãî ðåøàåòñÿ çàäà÷à Êîøè ñî ñëåäóþùèìè íà÷àëüíûìè óñëîâèÿìè:

ξn(τ, t)|t=0 = ξ0n(τ), σn(τ, t)|t=0 = σ0
n(τ) , n ∈ Z\{0}.

Äàëåå, èñïîëüçóÿ ñèñòåìó óðàâíåíèé Äóáðîâèíà�Òðóáîâè÷à (32), à òàêæå

�îðìóëû ñëåäîâ (34) è (35), íàõîäèì ðåøåíèÿ p(x, t) è q(x, t), ñîîòâåòñòâó-
þùèå çàäà÷å (2)�(4). Çàòåì, îïèðàÿñü íà ðàâåíñòâî (37), âû÷èñëÿåì µ(x, t).
Ïîñëå ýòîãî íåòðóäíî íàéòè ðåøåíèÿ ψ±(x, λ, t),s1(x, λ, t).

Ñëåäñòâèå 3. Íà îñíîâå ðåçóëüòàòîâ, ïîëó÷åííûõ â ðàáîòå [22℄, ìîæ-

íî çàêëþ÷èòü, ÷òî åñëè íà÷àëüíûå �óíêöèè p0(x) è q0(x) ÿâëÿþòñÿ âåùå-
ñòâåííûìè àíàëèòè÷åñêèìè, êîìïîíåíòû ðåøåíèÿ (p(x, t), q(x, t)) òàêæå
áóäóò âåùåñòâåííûìè àíàëèòè÷åñêèìè �óíêöèÿìè îòíîñèòåëüíî ïåðåìåí-

íîé x.
Ñëåäñòâèå 4. Åñëè ÷èñëî π/2 ÿâëÿåòñÿ ïåðèîäîì (àíòèïåðèîäîì) äëÿ

íà÷àëüíûõ çíà÷åíèé p0(x) è q0(x), òî âñå êîðíè óðàâíåíèÿ ∆(λ) ± 2 = 0
ÿâëÿþòñÿ äâóêðàòíûìè. Òàê êàê �óíêöèÿ Ëÿïóíîâà, ñîîòâåòñòâóþùàÿ êî-

ý��èöèåíòàì p(x, t) è q(x, t), ñîâïàäàåò ñ ∆(λ),òî ñîãëàñíî îáðàòíîé òåîðå-
ìå Áîðãà (ñì[23,25℄), ÷èñëî π/2 ÿâëÿåòñÿ òàêæå ïåðèîäîì (àíòèïåðèîäîì)

äëÿ ðåøåíèé p(x, t) è q(x, t), ïî ïåðåìåííîé x.
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